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We consider spontaneous symmetry breaking transitions of strongly interacting two-dimensional
Dirac fermions minimally coupled to mass and emergent gauge field order parameters. Using a
renormalization group analysis, we show that the presence of gauge fields leads to novel fermion
induced quantum (multi-)criticality where the putative emergent Lorentz invariance is violated. We
illustrate this with the example of translational symmetry breaking due to charge-density wave order
on the honeycomb lattice. Finally, we identify that topological phase transitions are well described
by this effective field theory.
Interacting Dirac fermions exhibit the simplest form of
fermionic quantum criticality. In high energy physics this
has been known for some time as spontaneous fermion
mass generation and chiral symmetry breaking in the
Gross-Neveu-Yukawa (GNY) model [1, 2]. The prototyp-
ical condensed matter examples are semimetal-insulator
transitions on the half-filled honeycomb lattice [3, 4],
which are driven by strong on-site and nearest-neighbor
repulsive interactions. The low-energy excitations are
well described by Dirac fermions [5], which couple to the
dynamical order parameter fields and play a crucial role
in determining the universal behavior [6, 7]. In recent
years GNY models and sign-free lattice Quantum Monte
Carlo simulations have helped to push our understand-
ing of fermionic criticality beyond the Landau-Ginzburg-
Wilson paradigm [8–18].
Strong parallels can be drawn between the high en-
ergy and condensed matter settings. Firstly, the quan-
tum critical fixed point exhibits emergent Lorentz invari-
ance with a characteristic terminal velocity and dynami-
cal exponent z = 1 [19–24]. Secondly, the emergent chiral
symmetry is spontaneously broken in the ordered phase,
opening a mass gap in the Dirac spectrum.
Yet it is precisely the reduction from Poincaré symme-
try to the crystallographic space groups that allows the
solid-state to host exotic fermionic quasiparticles with
no elementary particle analogs [25] and interesting crit-
icality. A prominent example are anisotropic semimet-
als [26, 27] displaying relativistic and non-relativistic
dynamics along orthogonal directions. Such unconven-
tional excitations are known to exist at the critical
point of topological phase transitions involving nodal
fermions [28] and the underlying quasiparticles have been
dubbed semi-Dirac fermions [29–31].
In this paper we investigate the universal nature of
Dirac fermion systems undergoing quantum phase tran-
sitions with dynamical order parameter fields that mini-
mally couple to the fermions as components of emergent
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FIG. 1. Schematic phase diagram of Dirac fermions on the
half-filled honeycomb lattice with first and second neighbor
repulsive interactions V1 and V2. Charge modulation is shown
relative to half-filling. The CDW breaks sublattice inversion
symmetry. The CDW3 breaks translation, rotation, mirror
and inversion symmetries.
gauge fields, in addition to the standard mass fields of
GNY theories. We find that the quantum critical points
violate the putative emergent Lorentz invariance of the
GNY critical fixed points.
Although our conclusions are general, we illustrate
these principles by means of a concrete example. We ex-
amine the half-filled two-dimensional honeycomb lattice
in the presence of dominant next-nearest neighbor repul-
sions. Extensive numerical [32–42] and analytical [43]
efforts have concluded that fluctuations beyond mean-
field theory lead to a direct transition from the Dirac
semimetal to charge density wave order (CDW3) with a
threefold increased unit cell (see Fig. 1).
From the lattice model we derive the effective field the-
ory that describes the onset of CDW3 order at half-filling.
The theory is formulated in terms of the irreducible repre-
sentations of all possible charge instabilities of the six-site
unit cell. While one representation couples like the mass
field in the GNY theory, the others, crucial for the lat-
tice symmetry breaking, couple like non-Abelian gauge
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2fields. This gauge structure is an emergent property of
the continuum field theory that is broken by the lattice.
Importantly, the lattice terms turn out to be irrelevant at
the critical fixed point, which implies the scaling is uni-
versal. Naturally, this effective gauge symmetry is broken
on either side of the transition.
We point out that the apparent local gauge structure
that emerges at low energies in the continuum limit is
physically distinct from the local lattice gauge structure
present at all energy scales in, for example, spin liquids.
We characterize the fermion-induced (multi-)critical
fixed point using the renormalization group (RG), which
is controlled with the  expansion and by generalizing
to a large number N of fermion flavors. We find that
the universality class is quantitatively distinct from the
putative chiral GNY class, which highlights the relevant
role of spontaneous lattice symmetry breaking. Next,
in combination with a free energy analysis, our results
show that the broken symmetry state is in the vicinity of
a topological critical point. This demonstrates that topo-
logical phase transitions in Dirac systems can be compre-
hensively described by effective field theories containing
mass fields and emergent non-Abelian gauge fields.
This paper is organized as follows: In Sec , we de-
rive the low-energy theory of lattice symmetry breaking
charge order on the honeycomb lattice. We also discuss
some important symmetries from the lattice, as well as
those that emerge in the low-energy, continuum limit.
In Sec. the RG equations for the effective field theory
are presented, and their critical fixed-point solutions are
studied. In Sec. the broken symmetry state is analyzed
by minimizing the free energy obtained from integrat-
ing out the fermions. In addition, a generic description
of topological phase transitions in Dirac systems is pre-
sented. Conclusions are drawn in Sec. .
EFFECTIVE THEORY
We consider spin-polarized fermions on the honeycomb
lattice at half-filling, subject to first and second neighbor
repulsive interactions V1 and V2,
Hˆ = −t
∑
〈i,j〉
(c†i cj+h.c.)+V1
∑
〈i,j〉
nˆinˆj+V2
∑
〈〈i,j〉〉
nˆinˆj , (1)
where t is the hopping amplitude and ci and nˆi = c
†
i ci
denote the fermion annihilation and density operators.
Non-Interacting Effective Theory
In the absence of interactions, the low-energy theory of
the semimetallic state describes massless Dirac fermions
at the valleys Kτ=± = 4pi3√3 (τ, 0) [44],
H0 = vF
∫ Λ d2k
(2pia)2
Ψ†(k)k ·αΨ(k), (2)
which is defined up to the ultraviolet cut-off Λ ∼ 1/a
where a is the lattice spacing. Here vF = 3ta/2 is the
Fermi velocity, k = (kx, ky), and α = (αx, αy). From
hereon we work in units where a = 1. For compactness,
we have introduced the four-component spinor
Ψ = (ψA+, ψA−, ψB+, ψB−), (3)
and tensor products
(αx, αy, αz) = (σx ⊗ τz, σy ⊗ τ0, σz ⊗ τz), (4)
where σµ, τµ (µ = 0, x, y, z) are the four-vectors of
identity and Pauli matrices acting respectively on the
spatial honeycomb sublattice σ = A,B and Dirac val-
ley τ = ± pseudospins. The SU(2) pseudospin alge-
bra [αi, αj ] = 2i
∑z
k=x ijkαk and {αi, αj} = 2δijα0 is
formed, with the (implicit) identity α0 = σ0 ⊗ τ0.
Emergent Symmetries
In addition to the symmetries of the honeycomb lattice,
Eq. (2) is endowed with a number of emergent symme-
tries. These include: (i) The intravalley spatial rotational
symmetry
Ψ→ eiθαz/2Ψ,
k→ (kx cos θ − ky sin θ, kx cos θ + ky sin θ).
(5)
(ii) The global SU(2) chiral/gauge symmetry
Ψ→ ei
∑3
i=1 θ
iT iΨ, (6)
that is generated by
(T 1, T 2, T 3) = (−σy ⊗ τy, σy ⊗ τx, σ0 ⊗ τz). (7)
T 1,2,3 form a second SU(2) algebra, with the (implicit)
identity T 0 = σ0 ⊗ τ0. (iii) The pseudo-relativistic in-
variance where the “speed of light” is vF . This Lorentz
invariance is exposed using the anticommuting Dirac ma-
trices, in which the covariant form of the non-interacting
local Lagrangian is achieved,
LΨ = Ψ¯[∂τγ0 + vF∂ · γ]Ψ, (8)
where Ψ¯ = Ψ†γ0, γ0 = αzT 3, γ = iγ0α, and
Ψ(τ, r) =
∫ ∞
−∞
dk0
2pi
∫ Λ d2k
(2pi)2
e−ik0τ−ik·rΨ(k0,k). (9)
Here τ and k0 are imaginary time and frequency, r =
(x, y) is position and ∂ = (∂x, ∂y) is the spatial gradient.
3Symmetries from the Honeycomb Lattice
Eq. (2) inherits the symmetries of the honeycomb lat-
tice point group C6v, which includes reflections, rotations
and inversions [45–47]. The reflection symmetries in the
x and y planes are
Rx : Ψ→ αxT 3Ψ, ky → −ky,
Ry : Ψ→ αyT 2Ψ, kx → −kx.
(10)
Rx interchanges the sublattices, as can be seen from the
lattice in Fig. 1. Ry interchanges the Dirac valleys. To-
gether RxRy defines spatial inversion, which is equivalent
to a C2 rotation. The honeycomb lattice also has three-
fold rotational symmetry
C3 : Ψ→ e±2piiαz/3Ψ,
k→ (−kx ∓
√
3ky,±
√
3kx − ky)/2.
(11)
There is also the translational symmetry under the prim-
itive lattice vectors
a1 =
√
3
2
(1,
√
3), a2 =
√
3
2
(−1,
√
3), (12)
that is generated by T 3 (also the generator of chiral trans-
formations), and is enacted as
ta1,2 : Ψ(r)→ eiK+·a1,2T
3
Ψ(r + a1,2), (13)
where K+ ·a1,2 = ±2pi/3. In the following, we are inter-
ested in the case where this primitive translational sym-
metry, in combination with point group symmetries, is
spontaneously broken. We refer to this as spontaneous
lattice symmetry breaking.
Additionally, the theory has the discrete time reversal
T , chiral S and particle-hole (or charge conjugation) C =
T S symmetries [47]. Time reversal is the antiunitary
operation
T : Ψ→ αyT 2KΨ, k→ −k, (14)
where K denotes complex conjugation. Chiral symmetry
S is a property of any nearest neighbor hopping fermionic
model on a bipartite lattice. It is the operation under
which cA → c†B and cB → −c†A, which here is encoded by
S : Ψ→ αzT 3Ψ. (15)
Finally, the particle-hole operation is
C : Ψ→ αxT 1KΨ, k→ −k. (16)
It is important to note that additional real hopping
terms, such as the next-nearest neighbor t2 would
break the particle-hole symmetry. However at half-
filling, particle-hole symmetry remains an emergent sym-
metry of the non-interacting low-energy Dirac theory.
This is because the additional term ∼ t2 |k|2 α0 in the
Hamiltonian, which breaks particle-hole symmetry, is of
quadratic order in k and hence an irrelevant perturbation
in naive scaling analysis.
Lattice Symmetry Breaking Charge Order
In recent years it has become well established [43, 48]
that sufficiently strong next-nearest neighbor V2 repul-
sions stabilize CDW3 order on the honeycomb lattice, as
is shown in Fig. 1. This charge ordering has reduced
translational symmetry with a threefold enlarged unit
cell, containing an entire hexagonal plaquette. Equiva-
lently, the charge order has finite wavevector that couples
the Dirac points, resulting in a threefold reduced Bril-
louin Zone. Here we derive the effective GNY-like theory
for charge ordering with reduced translational symmetry.
This is achieved by means of the Hubbard-Stratonovich
transformation in the charge channel that introduces the
six auxiliary dynamical charge order parameter fields
ρ = (ρA1 , ρA2 , ρA3 , ρB1 , ρB2 , ρB3), (17)
coupled to the density nˆi on each site of the hexagon. In
light of the the extensive literature [43, 48], we assume
that the global minimum of the free energy has negligible
weight in the bond order channel conjugate to c†i cj 6=i.
Hubbard-Stratonovich Decomposition
Here we present an overview of the steps taken to de-
rive the low-energy effective field theory. Further techni-
cal details can be found in Appendix . First, the inter-
action is decoupled in the charge channel,
exp
−∫
τ
V1 ∑
〈i,j〉
nˆinˆj + V2
∑
〈〈i,j〉〉
nˆinˆj

=
∫
D[ρ] exp
[
−
∫
τ
∑
k∈RBZ
(
ρ†k Vk ρk + 2nˆ
†
k Vk ρk
)]
,
where the momentum summation is over the reduced
Brillouin zone (RBZ) that is reciprocal to the enlarged
unit cell. The complicated effective interaction ma-
trix Vk, that contains V1 and V2 terms, is defined in
Eq. (89). Then, the high energy modes up to vFΛ are
integrated out by projecting into the Dirac subspace (3),
Ψi =
∑
j Pijcj , where the j sum is over the sites of the
hexagon, and P is defined in Eq. (88). Next, it is conve-
nient to introduce the order parameter fields
(ρ0, φ,A
1
x, A
1
y, A
2
x, A
2
y) = U · ρ, (18)
where
U =
1
6

√
6
√
6
√
6
√
6
√
6
√
6√
6
√
6
√
6 −√6 −√6 −√6√
3 −2√3 √3 −√3 2√3 −√3
−3 0 3 3 0 −3
−3 0 3 −3 0 3
−√3 2√3 −√3 −√3 2√3 −√3
 . (19)
4A2x b= G(E2x)
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A2y b= G(E2y)
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  b= B2
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A1y b= G(E1x)
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A1x b= G( E1y)
<latexit sha1_base64="lR5G VZj5cafMzHMqyjoj6hKPcVA=">AAACCXicbZDLSsNAFIYnXmu9RV 26GSxCXVgSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTrxldx40IRt7 6BO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1d X1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oG NzIJCK2j3oB7VKMpLIcHZ7dms4DtKrWPfVIH8n0NLOq8LK8f+GkZ pLtOXrJqBgjwWkwcyiBXHVH/7K8EMc+CSRmSIiOaUTSThGXFDOS Fa1YkAjhAeqRjsIA+UTY6eiSDO4qx4PdkKsXSDhyf0+kyBci8V3V 6SPZF5O1oflfrRPL7rGd0iCKJQnweFE3ZlCGcBgL9CgnWLJEAcKc qr9C3EccYanCK6oQzMmTp6F5UDEVXx+Waid5HAWwDXZAGZjgCNT AFaiDBsDgETyDV/CmPWkv2rv2MW6d0fKZLfBH2ucP16+YfA==</l atexit><latexit sha1_base64="lR5G VZj5cafMzHMqyjoj6hKPcVA=">AAACCXicbZDLSsNAFIYnXmu9RV 26GSxCXVgSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTrxldx40IRt7 6BO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1d X1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oG NzIJCK2j3oB7VKMpLIcHZ7dms4DtKrWPfVIH8n0NLOq8LK8f+GkZ pLtOXrJqBgjwWkwcyiBXHVH/7K8EMc+CSRmSIiOaUTSThGXFDOS Fa1YkAjhAeqRjsIA+UTY6eiSDO4qx4PdkKsXSDhyf0+kyBci8V3V 6SPZF5O1oflfrRPL7rGd0iCKJQnweFE3ZlCGcBgL9CgnWLJEAcKc qr9C3EccYanCK6oQzMmTp6F5UDEVXx+Waid5HAWwDXZAGZjgCNT AFaiDBsDgETyDV/CmPWkv2rv2MW6d0fKZLfBH2ucP16+YfA==</l atexit><latexit sha1_base64="lR5G VZj5cafMzHMqyjoj6hKPcVA=">AAACCXicbZDLSsNAFIYnXmu9RV 26GSxCXVgSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTrxldx40IRt7 6BO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1d X1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oG NzIJCK2j3oB7VKMpLIcHZ7dms4DtKrWPfVIH8n0NLOq8LK8f+GkZ pLtOXrJqBgjwWkwcyiBXHVH/7K8EMc+CSRmSIiOaUTSThGXFDOS Fa1YkAjhAeqRjsIA+UTY6eiSDO4qx4PdkKsXSDhyf0+kyBci8V3V 6SPZF5O1oflfrRPL7rGd0iCKJQnweFE3ZlCGcBgL9CgnWLJEAcKc qr9C3EccYanCK6oQzMmTp6F5UDEVXx+Waid5HAWwDXZAGZjgCNT AFaiDBsDgETyDV/CmPWkv2rv2MW6d0fKZLfBH2ucP16+YfA==</l atexit><latexit sha1_base64="lR5G VZj5cafMzHMqyjoj6hKPcVA=">AAACCXicbZDLSsNAFIYnXmu9RV 26GSxCXVgSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTrxldx40IRt7 6BO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1d X1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oG NzIJCK2j3oB7VKMpLIcHZ7dms4DtKrWPfVIH8n0NLOq8LK8f+GkZ pLtOXrJqBgjwWkwcyiBXHVH/7K8EMc+CSRmSIiOaUTSThGXFDOS Fa1YkAjhAeqRjsIA+UTY6eiSDO4qx4PdkKsXSDhyf0+kyBci8V3V 6SPZF5O1oflfrRPL7rGd0iCKJQnweFE3ZlCGcBgL9CgnWLJEAcKc qr9C3EccYanCK6oQzMmTp6F5UDEVXx+Waid5HAWwDXZAGZjgCNT AFaiDBsDgETyDV/CmPWkv2rv2MW6d0fKZLfBH2ucP16+YfA==</l atexit>
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⇥1
2<latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws="> AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3T db2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIj Tz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9j QLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAF DbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit><latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws="> AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3T db2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIj Tz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9j QLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAF DbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit><latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws="> AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3T db2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIj Tz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9j QLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAF DbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit><latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws="> AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3T db2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIj Tz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9j QLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAF DbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit>
⇥ 1p
6
<latexit sha1_base64="Ie9s 4hiD1xI6G2zh0P6pYpoSck8=">AAACAXicbZDLSsNAFIYn9VbrLe pGcDNYBFclEakuC25cVrAXaEKZTCft0MkkzpwIJcSNr+LGhSJuf Qt3vo3TNgtt/WHg4z/ncOb8QSK4Bsf5tkorq2vrG+XNytb2zu6ev X/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMr6f1zgNTmsfy DiYJ8yMylDzklICx+vaRBzxi2gsVoZmbZ56+V5DV87xvV52aMxN eBreAKirU7Ntf3iCmacQkUEG07rlOAn5GFHAqWF7xUs0SQsdkyHo GJTFr/Wx2QY5PjTPAYazMk4Bn7u+JjERaT6LAdEYERnqxNjX/q/ VSCK/8jMskBSbpfFGYCgwxnsaBB1wxCmJigFDFzV8xHRETBpjQKi YEd/HkZWif11zDtxfVRr2Io4yO0Qk6Qy66RA10g5qohSh6RM/oF b1ZT9aL9W59zFtLVjFziP7I+vwBcd6Xeg==</latexit><latexit sha1_base64="Ie9s 4hiD1xI6G2zh0P6pYpoSck8=">AAACAXicbZDLSsNAFIYn9VbrLe pGcDNYBFclEakuC25cVrAXaEKZTCft0MkkzpwIJcSNr+LGhSJuf Qt3vo3TNgtt/WHg4z/ncOb8QSK4Bsf5tkorq2vrG+XNytb2zu6ev X/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMr6f1zgNTmsfy DiYJ8yMylDzklICx+vaRBzxi2gsVoZmbZ56+V5DV87xvV52aMxN eBreAKirU7Ntf3iCmacQkUEG07rlOAn5GFHAqWF7xUs0SQsdkyHo GJTFr/Wx2QY5PjTPAYazMk4Bn7u+JjERaT6LAdEYERnqxNjX/q/ VSCK/8jMskBSbpfFGYCgwxnsaBB1wxCmJigFDFzV8xHRETBpjQKi YEd/HkZWif11zDtxfVRr2Io4yO0Qk6Qy66RA10g5qohSh6RM/oF b1ZT9aL9W59zFtLVjFziP7I+vwBcd6Xeg==</latexit><latexit sha1_base64="Ie9s 4hiD1xI6G2zh0P6pYpoSck8=">AAACAXicbZDLSsNAFIYn9VbrLe pGcDNYBFclEakuC25cVrAXaEKZTCft0MkkzpwIJcSNr+LGhSJuf Qt3vo3TNgtt/WHg4z/ncOb8QSK4Bsf5tkorq2vrG+XNytb2zu6ev X/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMr6f1zgNTmsfy DiYJ8yMylDzklICx+vaRBzxi2gsVoZmbZ56+V5DV87xvV52aMxN eBreAKirU7Ntf3iCmacQkUEG07rlOAn5GFHAqWF7xUs0SQsdkyHo GJTFr/Wx2QY5PjTPAYazMk4Bn7u+JjERaT6LAdEYERnqxNjX/q/ VSCK/8jMskBSbpfFGYCgwxnsaBB1wxCmJigFDFzV8xHRETBpjQKi YEd/HkZWif11zDtxfVRr2Io4yO0Qk6Qy66RA10g5qohSh6RM/oF b1ZT9aL9W59zFtLVjFziP7I+vwBcd6Xeg==</latexit><latexit sha1_base64="Ie9s 4hiD1xI6G2zh0P6pYpoSck8=">AAACAXicbZDLSsNAFIYn9VbrLe pGcDNYBFclEakuC25cVrAXaEKZTCft0MkkzpwIJcSNr+LGhSJuf Qt3vo3TNgtt/WHg4z/ncOb8QSK4Bsf5tkorq2vrG+XNytb2zu6ev X/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMr6f1zgNTmsfy DiYJ8yMylDzklICx+vaRBzxi2gsVoZmbZ56+V5DV87xvV52aMxN eBreAKirU7Ntf3iCmacQkUEG07rlOAn5GFHAqWF7xUs0SQsdkyHo GJTFr/Wx2QY5PjTPAYazMk4Bn7u+JjERaT6LAdEYERnqxNjX/q/ VSCK/8jMskBSbpfFGYCgwxnsaBB1wxCmJigFDFzV8xHRETBpjQKi YEd/HkZWif11zDtxfVRr2Io4yO0Qk6Qy66RA10g5qohSh6RM/oF b1ZT9aL9W59zFtLVjFziP7I+vwBcd6Xeg==</latexit>
⇥ 1
2
p
3
<latexit sha1_base64="iY4Kns22d1FQgNY4JJFpqA3ISPE=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCpJFXVZcOOygr1AE8p kOmmHTiZx5kQoIbjxVdy4UMStT+HOt3HaZqGtPwx8/Occzpw/SATX4Djf1tLyyuraemmjvLm1vbNr7+23dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej60m9/cCU5rG8g3HC/IgMJA85JWCsnn3oAY+Y9kJFaObmWc3T9wqyszzv2RWn6kyFF8EtoIIKNXr2l9ePaRoxCVQQr buuk4CfEQWcCpaXvVSzhNARGbCuQUnMXj+bnpDjE+P0cRgr8yTgqft7IiOR1uMoMJ0RgaGer03M/2rdFMIrP+MySYFJOlsUpgJDjCd54D5XjIIYGyBUcfNXTIfEpAEmtbIJwZ0/eRFatapr+Pa8Ur8o4iihI3SMTpGLLlEd3aAGaiKKHtEzekVv1pP1Yr1bH7PWJauYOUB/ZH3 +AOYhl7M=</latexit><latexit sha1_base64="iY4Kns22d1FQgNY4JJFpqA3ISPE=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCpJFXVZcOOygr1AE8p kOmmHTiZx5kQoIbjxVdy4UMStT+HOt3HaZqGtPwx8/Occzpw/SATX4Djf1tLyyuraemmjvLm1vbNr7+23dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej60m9/cCU5rG8g3HC/IgMJA85JWCsnn3oAY+Y9kJFaObmWc3T9wqyszzv2RWn6kyFF8EtoIIKNXr2l9ePaRoxCVQQr buuk4CfEQWcCpaXvVSzhNARGbCuQUnMXj+bnpDjE+P0cRgr8yTgqft7IiOR1uMoMJ0RgaGer03M/2rdFMIrP+MySYFJOlsUpgJDjCd54D5XjIIYGyBUcfNXTIfEpAEmtbIJwZ0/eRFatapr+Pa8Ur8o4iihI3SMTpGLLlEd3aAGaiKKHtEzekVv1pP1Yr1bH7PWJauYOUB/ZH3 +AOYhl7M=</latexit><latexit sha1_base64="iY4Kns22d1FQgNY4JJFpqA3ISPE=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCpJFXVZcOOygr1AE8p kOmmHTiZx5kQoIbjxVdy4UMStT+HOt3HaZqGtPwx8/Occzpw/SATX4Djf1tLyyuraemmjvLm1vbNr7+23dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej60m9/cCU5rG8g3HC/IgMJA85JWCsnn3oAY+Y9kJFaObmWc3T9wqyszzv2RWn6kyFF8EtoIIKNXr2l9ePaRoxCVQQr buuk4CfEQWcCpaXvVSzhNARGbCuQUnMXj+bnpDjE+P0cRgr8yTgqft7IiOR1uMoMJ0RgaGer03M/2rdFMIrP+MySYFJOlsUpgJDjCd54D5XjIIYGyBUcfNXTIfEpAEmtbIJwZ0/eRFatapr+Pa8Ur8o4iihI3SMTpGLLlEd3aAGaiKKHtEzekVv1pP1Yr1bH7PWJauYOUB/ZH3 +AOYhl7M=</latexit><latexit sha1_base64="iY4Kns22d1FQgNY4JJFpqA3ISPE=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCpJFXVZcOOygr1AE8p kOmmHTiZx5kQoIbjxVdy4UMStT+HOt3HaZqGtPwx8/Occzpw/SATX4Djf1tLyyuraemmjvLm1vbNr7+23dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej60m9/cCU5rG8g3HC/IgMJA85JWCsnn3oAY+Y9kJFaObmWc3T9wqyszzv2RWn6kyFF8EtoIIKNXr2l9ePaRoxCVQQr buuk4CfEQWcCpaXvVSzhNARGbCuQUnMXj+bnpDjE+P0cRgr8yTgqft7IiOR1uMoMJ0RgaGer03M/2rdFMIrP+MySYFJOlsUpgJDjCd54D5XjIIYGyBUcfNXTIfEpAEmtbIJwZ0/eRFatapr+Pa8Ur8o4iihI3SMTpGLLlEd3aAGaiKKHtEzekVv1pP1Yr1bH7PWJauYOUB/ZH3 +AOYhl7M=</latexit>
⇥1
2<latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws="> AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3T db2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIj Tz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9j QLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAF DbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit><latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws="> AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3T db2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIj Tz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9j QLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAF DbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit><latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws="> AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3T db2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIj Tz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9j QLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAF DbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit><latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws="> AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3T db2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIj Tz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9j QLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAF DbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit>⇥
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FIG. 2. All possible charge instabilities in the 6-site unit
cell on the half-filled honeycomb lattice. Charge modulation
is shown relative to half-filling. They are labelled with the
order parameter fields that couple to the Dirac fermions in the
effective field theory, as well as the corresponding elements in
symmetry groups C′′6v and C6v in parentheses.
The half-filling condition constrains the total charge den-
sity over the hexagonal plaquette, hence ρ0 is fixed
and thus neglected in the following. The correspond-
ing charge patterns on the hexagonal unit cell that are
induced by
A = (A1,A2), A1 = (A1x, A
1
y), A
2 = (A2x, A
2
y), (20)
and φ are shown in Fig. 2, from which the elements of U
can be read off.
In fact, the terms we have obtained are precisely the
irreducible representations of the point group
C ′′6v = C6v + ta1C6v + ta2C6v, (21)
that contains the primitive translations ta1,2 (13), which
has been discussed extensively in Refs. [45, 49]. Here
φ transforms as the B2 irreducible representation and
(A1,A2) transform like the four components of G. The
components mix into each other under primitive trans-
lations Ψ → e±i2piT 3/3Ψ, thereby breaking the transla-
tional symmetry of C6v (the primitive unit cell). The
fields (A1x, A1y, A2x, A2y) are distinguished by their proper-
ties under reflection
Rx : (even, odd, odd, even),
Ry : (odd, even, odd, even),
(22)
which can be seen by inspection of Fig. 2.
Finally, the effective local Yukawa Lagrangian that
couples Dirac fermions and (dynamical) order parame-
ter fields has the compact form
Lg = Ψ
† (gφφαzT 3 + gAα ·AaT a)Ψ, (23)
where the implicit summation over repeated a = 1, 2
is used throughout. Lg preserves emergent spatial ro-
tational and U(1) chiral symmetries, but breaks breaks
Lorentz invariance.
The bare effective couplings are related to the lattice
couplings, (gφ)0 =
√
3/2(V1−2V2) and (gA)0 =
√
3/2V2,
but these will flow under the RG. In addition, we obtain
the bare Hubbard-Stratonovich order parameter mass
term
LHS =
√
3/2(gφ)0φ
2 +
√
3(gA)0A
2, (24)
where A =
√
Aa ·Aa. The unimportant bare gradient
terms have been suppressed in the interest of brevity.
Mass Sector
The anticommutator relation {Hˆ0, gφφαzT 3} = 0 iden-
tifies φ as a mass field that fully gaps the quasiparticle
spectrum upon condensation [46, 50],
ε = ±
√
|vFk|2 + 〈gφφ〉2, (25)
and is therefore expected to maximize the condensation
energy gain. In the regime V1  V2 the order param-
eter φ describes the quantum phase transition from the
semimetal into the CDW insulator, which spontaneously
breaks the sublattice exchange symmetry Ψ → RxΨ,
φ→ −φ. This corresponds to Z2 chiral symmetry break-
ing in the low-energy effective field theory [51], where the
dynamics of φ are encapsulated by the Lagrangian
Lφ =
1
2
φ
(−∂2τ − c2φ ∂2 +m2φ)φ. (26)
The order parameter mass m2φ tunes through the
fermionic quantum critical point at m2φ = 0, which be-
longs to the Z2-Gross-Neveu (or chiral Ising) universal-
ity class. It is understood to describe the same universal
behavior as tuning through V1 = (V1)c, (V1  V2) in
the lattice model Eq. (1). For m2φ < 0 the order pa-
rameter expectation value 〈φ〉 is finite corresponding to
V1 > (V1)c, where as for m2φ < 0 the symmetry is unbro-
ken 〈φ〉 = 0 corresponding to V1 < (V1)c. The properties
of this critical fixed point have been intensively studied.
Further details can be found in Refs. [52, 53] and refer-
ences therein.
For clarity, we now briefly discuss the remaining possi-
ble mass terms of four-component spinless Dirac fermions
and their meaning on the honeycomb lattice. The mass
terms can be enumerated by
Lmass =
3∑
i=0
Ψ†M iαzT iΨ. (27)
We reiterate that only the sublattice CDW mass [5]
(M3 = φ) is relevant in our paper. The other terms
arise from bond order 〈c†i cj 6=i〉 on the honeycomb lat-
tice, and are not energetically favorable in the region
of the phase diagram of interest V2  V1. Although
at mean-field the Haldane [54] quantum anomalous Hall
mass Ψ†M0αzT 0Ψ is stable for V2  V1 [55], upon the
inclusion of beyond mean-field quantum fluctuations it
is known that CDW3 order is favored [43, 48]. The
masses Ψ†(M1αzT 1,M2αzT 2)Ψ form an XY order pa-
rameter that corresponds to the Kekulé valence bond
solid phase [9, 10, 56], which is understood to be the
leading instability for strong V1 ≈ V2.
5Emergent Gauge Sector
Following the discussion of the mass fields, it is im-
portant to notice that all possible remaining terms that
minimally couple to four-component Dirac fermions are
gauge fields,
Lgauge =
3∑
i=0
∑
j=0,x,y
Ψ†AijαjT
iΨ, (28)
where A0j are the Abelian and A
i>0
j the non-Abelian com-
ponents. From this identification it follows that any order
parameter associated with lattice symmetry breaking is
necessarily composed of a combination of mass and emer-
gent gauge fields. Although we have focused on the hon-
eycomb lattice, it is evident that this is a generic property
of Dirac materials. We now explicitly demonstrate that
this is the case for CDW3 order.
In the low-energy, Aα (α = 1, 2) minimally couple
as components of an emergent SU(2) non-Abelian local
gauge theory generated by T a. This is revealed by the
local Lagrangian
LΨ + LgA = Ψ
† [∂τ + iα · (vF∂ − igAAaT a)] Ψ, (29)
which is invariant under the local gauge transformation
generated by T 1,2. To avoid integrating over the emer-
gent gauge redundancies, the theory is gauge fixed in the
Rξ gauge by following the Fadeev-Popov procedure [57].
The dynamics of A1,2 are described by the gauge fixed
Lagrangian
LA =
1
2
Aa · (−∂2τ − c2A∂2 +m2A)Aa
+
ξ − 1
2ξ
∑
i,j=x,y
Aai c
2
A∂i∂jA
a
j , (30)
which is invertible for all finite ξ. It is convenient to
employ the Feynman-’t Hooft gauge ξ = 1, where the
Lagrangian is spatially isotropic. Naturally, the universal
behavior should not depend on the choice of gauge.
The bosonic mass m2A is finite from the lattice
Hubbard-Stratonovich transformation (24) with the bare
mass (m2A)0 = 3V2. This implies that A
1,2 can have fi-
nite order parameter expectation values [58–60], which
is of course expected from the lattice model where A1,2
are linear combinations of charge order parameters. This
is in contrast to the standard Yang-Mills theory, where
m2A = 0 is enforced by the Ward identity associated with
the chiral/gauge invariance (6).
Order Parameter Self-Interactions
From symmetry considerations, or alternatively by in-
tegrating out high energy fermionic modes, one obtains
the self-interaction of the dynamical order parameter
fields
Lλ = λφφ
4 + λAA
4 + λφAφ
2A2 + λYM(A
1 ×A2)2. (31)
The Yang-Mills term λYM reflects the underlying emer-
gent non-Abelian gauge structure. The coupling λφA
implies that the condensation of the mass field φ could
dynamically generate a finite expectation value for the
emergent gauge fields, which is reminiscent of a Higgs
mechanism.
Additionally, in the low-energy theory there is the sym-
metry allowed analytic cubic term
Lb˜3 = b˜3φ(A
1 ×A2)z. (32)
This is because A1 × A2 preserves the emergent global
chiral symmetry generated by T 3, under which(
A1
A2
)
→
(
cos θ − sin θ
sin θ cos θ
)(
A1
A2
)
. (33)
Likewise the spatial rotational symmetry (5) generated
by αz is preserved, under which(
Aax
Aay
)
→
(
cos θ − sin θ
sin θ cos θ
)(
Aax
Aay
)
. (34)
Yet, the non-interacting theory is symmetric under the
particle-hole transformation (16), where as the Yukawa
terms in Lg (23) are all particle-hole odd. Therefore the
renormalization of the cubic terms by fermion loops are
forbidden, as all loop corrections vanish by symmetry,
gφg
2
AφA
a
iA
b
j〈Ψ†αzT 3ΨΨ†αiT aΨΨ†αjT bΨ〉 →
− gφg2AφAaiAbj〈Ψ†αzT 3ΨΨ†αiT aΨΨ†αjT bΨ〉 = 0. (35)
This is in accordance with Furry’s theorem [57], and ex-
tends to all fermion loops with an odd number of ex-
ternal legs. However, b˜3 may still be renormalized by
self-interactions.
Lattice Symmetry Allowed Self-Interactions
The reduced symmetry of the honeycomb lattice C ′′6v
allows for additional interactions. Such terms are not
generated (or renormalized) by the Dirac fermion loops,
as they possess the higher continuous spatial rotational
symmetry.
These terms are best exposed by introducing the
double-complex, Hopf-coordinate representation
G = G1 + jG2, with Ga = Aax + iA
a
y. (36)
Here spatial rotations are implemented by eiθ and
primitive translations (chiral transformations) are imple-
mented by ejθ.
6The lattice symmetry allowed cubic self-interaction is
identified by first decomposing G3 into the real (R) and
imaginary (I) parts in complex i and j
G3 = (G3)RR + j(G
3)IR + i(G
3)RI + ij(G
3)II. (37)
Each of the four terms is individually invariant un-
der primitive translations G→ ej2pi/3G and C3 rotations
G→ ei2pi/3G. Imposing invariance under reflections in x
and y planes (22) reduces the symmetry allowed term to
Lb3 = b3(G
3)II = b3Im[G32 − 3G21G2]
= b3
{
3
[
(A1y)
2 − (A1x)2 + (A2x)2
]
(A2y)
− 6(A1x)(A2x)(A1y)− (A2y)3
}
. (38)
Repeating this type of analysis for φG3 identifies the
lattice symmetry allowed quartic self-interaction
Lb4 = b4φRe[G
3
1 − 3G1G22]. (39)
The cubic terms Lb˜3 (32) and Lb3 (38) could potentially
render the transition first order. While such terms would
be relevant at the Wilson-Fisher fixed point, we will show
in Sec. that they vanish at the fermion-induced critical
fixed point [9].
RENORMALIZATION GROUP ANALYSIS
Quantum (multi-)critical points are described by scale
invariant fixed points of the RG transformation
k0 = k
′
0e
−z`, kx = k′xe
−`, ky = k′ye
−`. (40)
We use the perturbative Wilson momentum shell scheme,
in which we integrate over fast momentum modes
Λe−` ≤ |k| ≤ Λ, −∞ ≤ k0 ≤ ∞, (41)
to identify universal features of the action S =
∫
τ,r
L for
L = LΨ + Lφ + LA + Lg + Lλ. (42)
Following this main analysis, we will then analyze the
role of the symmetry allowed self-interactions
Lb = Lb3 + Lb4 + Lb˜3 , (43)
which play a secondary role due to particle-hole and ro-
tational symmetries preventing renormalization from the
gapless fermions.
Criticality is accessed by tuning the order parameter
masses to their fixed point values (m2φ,A)∗. We follow the
usual procedure and absorb the small linear shifts from
vertex corrections into a re-definition of the masses such
that (m2φ,A)∗ = 0. The masses are relevant perturba-
tions at any fixed point and can be tuned by the lattice
interaction parameters.
Dimensional Continuation of the Lagrangian
Tree-level scaling of GNY theories determines that the
dynamical exponent is equal to z = 1, and that the
Yukawa and self-interactions are marginal perturbations
at the Gaussian fixed point in d = 3 spatial dimensions.
This motivates an  = 3 − d expansion to access the
strongly interacting quantum critical point in a controlled
manner. Further control is exerted by generalizing to a
large number N of fermionic spin flavors,
Ψ†Ψ→
N∑
n=1
Ψ†nΨn, (g
2
φ,A, λi)→
8pi2Λ
N
(g2φ,A, λi), (44)
which is known to favorably reorganize the perturba-
tive expansion, enabling perturbative RG directly in the
physically relevant spatial dimension d = 2 [61]. Here i
indexes the couplings in Eq. (31).
The dimensional continuation to d = 3 −  spatial di-
mensions (for  > 0 or d < 3) is best formulated with
the anticommuting Dirac γ matrices defined below Eq.(8)
and
(γ3, γ5, γ35) = (T
1, T 2, T 3), (45)
where γ35 = −iγ3γ5 and with {γi, γj} = 2δij for i, j =
0, . . . , 5. Then the Lagrangian in continuous spatial di-
mension 1 < d < 3 is
L =
N∑
n=1
Ψ¯n
[
∂τγ0 + vF∂µγµ +
gφ√
N˜
φ
− igA√
N˜
(
γ1γ3A
1
x + γ2γ3A
1
y + γ1γ5A
2
x + γ2γ5A
2
y
) ]
Ψn
+
1
2
φ
(−∂2τ − c2φ∂2µ +m2φ)φ
+
1
2
Aa · (−∂2τ − c2A∂2µ +m2A)Aa
+
1
N˜
[
λφφ
4 + λAA
4 + λφAφ
2A2 + λYM(A
1 ×A2)2] ,
(46)
where N˜ = N/8pi2Λ and there is the implicit summation
over repeated µ = 1, . . . , d. In this case Tr(γµγµ) = 4d.
The corresponding fermion propagator is
GΨ(k0, kµ) =
i(k0γ0 + vF kµγµ)
k20 + v
2
F k
2
µ
, (47)
and the order parameter propagators are
Gφ,A(k0,k) =
1
k20 + c
2
φ,Ak
2
µ +m
2
φ,A
. (48)
Under the space-time rescaling the fermion and order pa-
rameter fields rescale as
Ψ(k0, kµ) = Ψ
′(k′0, k
′
µ)e
(2z+d−ηΨ) `2 , (49)
φ(k0, kµ) = φ
′(k′0, k
′
µ)e
(3z+d−ηφ) `2 , (50)
Aa(k0, kµ) = A
a′(k′0, k
′
µ)e
(3z+d−ηA) `2 , (51)
7FIG. 3. One-loop Feynman diagrams. The fermion propaga-
tor is denoted by the arrowed line. The boson propagators
are denoted by the wavy line.
where ηΨ,φ,A are the anomalous dimensions that account
for the beyond tree-level corrections to the field rescaling.
Our convention is that the rescaling of the fields ensures
the scale invariance of the imaginary time gradients.
Renormalization Group Equations
The RG equations are obtained to one-loop order by
calculating the diagrams in Fig. 3, using the critical
(m2φ,A = 0) order parameter propagators (48). Scale in-
variance implies the anomalous dimensions are
ηφ =
2g2φ
v3F
, ηA =
4g2A
3v3F
,
ηΨ =
2
N
[
g2φ
cφ (cφ + vF ) 2
+
4g2A
cA (cA + vF ) 2
]
.
(52)
Then the RG equations for the velocities are
d
d`
vF = (z − 1)vF + 4
N
g2φ (cφ − vF )
3cφ (cφ + vF ) 2
− 4
N
2g2AvF
cA (cA + vF ) 2
, (53)
d
d`
c2φ = 2(z − 1)c2φ +
2g2φ
(
v2F − c2φ
)
v3F
, (54)
d
d`
c2A = 2(z − 1)c2A +
4g2A
(
v2F − c2A
)
3v3F
. (55)
It is important to highlight that divergent anisotropic
Fermi velocity renormalization, preempting a fixed point,
is encountered if the independent spatial rotational sym-
metries of A1 or A2 are artificially broken. The RG
equations for the Yukawa couplings are
d
d`
g2φ = g
2
φ
[
+ 3(z − 1)− 2g
2
φ
v3F
− 4
N
g2φ (cφ + 2vF )
cφvF (cφ + vF ) 2
+
4
N
4g2A (cA + 2vF )
cAvF (cA + vF ) 2
]
, (56)
d
d`
g2A = g
2
A
[
+ 3(z − 1)− 4g
2
A
3v3F
− 4
N
2g2φ (cφ + 2vF )
3cφvF (cφ + vF ) 2
+
4
N
4g2A
cA (cA + vF ) 2
]
. (57)
The RG equations for the order parameter self-
interactions are
d
d`
λφ = λφ
[
+ 3(z − 1)− 4g
2
φ
v3F
]
+
g4φ
v3F
− 4
N
[
9λ2φ
c3φ
+
λ2φA
c3A
]
, (58)
d
d`
λA = λA
[
+ 3(z − 1)− 8g
2
A
3v3F
]
− 4
N
[
12λ2A
c3A
+
λ2YM
4c3A
+
λ2φA
4c3φ
+
λAλYM
c3A
]
, (59)
d
d`
λφA = λφA
[
+ 3(z − 1)− 4g
2
A
3v3F
− 2g
2
φ
v3F
]
+
4g2Ag
2
φ
v3F
− 4
N
[
4λ2φA
cAcφ (cA + cφ)
+
3λφλφA
c3φ
+
6λAλφA
c3A
+
λYMλφA
2c3A
]
, (60)
d
d`
λYM = λYM
[
+ 3(z − 1)− 8g
2
A
3v3F
]
+
8g4A
3v3F
− 4
N
[
2λ2YM
c3A
+
12λAλYM
c3A
]
. (61)
The RG equations for the boson order parameter field
masses are
d
d`
m2φ = m
2
φ
[
2z − 2g
2
φ
v3F
− 12λφ
Nc3φ
]
−m2A
8λφA
Nc3A
, (62)
d
d`
m2A = m
2
A
[
2z − 4g
2
A
3v3F
− 2 (12λA + λYM)
Nc3A
]
−m2φ
2λφA
Nc3φ
. (63)
Note that to obtain Eqs. (62) and (63) the propagators
must contain finite order parameter masses, and the di-
agrams are then expanded to leading order.
The RG equations are solved to O(1/N) and to lead-
ing order in  as follows. First, z is chosen to make
vF scale invariant by solving Eq. (53). Then, the fixed
points of the boson velocities and Yukawa couplings are
obtained simultaneously by solving Eqs. (54 – 57). The
8Exponent GNY (d = 3− ) CDW3 (d = 3− ) CDW3 (d = 2) CDWA (d = 3− )
z − 1 0 3
2N
56
√
2−75
N
3
2N
ηΨ

4N
7
4N
54
√
2−72
N
3
2N
ηφ 
(
1− 3
2N
)

(
1− 6
N
)
1 + 24
√
2−45
N
ηA 
(
1 + 1
2N
)
1 + 64
√
2−87
N

(
1 + 3
2N
)
2− ν−11 
(
1 + 3
2N
)

(
1 + 11+
√
745
4N
)
1 +
84−65√2+
√
1307−714√2
N

(
3
5
+ 9
10N
)
2− ν−12 
(
1 + 11−
√
745
4N
)
1 +
84−65√2−
√
1307−714√2
N
TABLE I. One-loop critical exponents at the GNY/Chiral Ising, CDW3, and CDWA fixed points to O(1/N2). The GNY fixed
point at m2φ = 0,m
2
A  0 describes the quantum critical point of the semimetal-insulator transition into the sublattice CDW
phase on the honeycomb lattice. The CDW3 fixed point at m2φ = 0,m
2
A = 0 describes a new fixed point of interacting Dirac
fermions where lattice symmetries are spontaneously broken. For the CDW3 fixed point there is good agreement between
the  = 3 − d expansion and the direct evaluation in the physical dimension d = 2 as N → ∞. The CDWA fixed point at
m2φ > 0,m
2
A = 0 is shown for completion, but is not expected to be physically accessible from the microscopic model on the
honeycomb lattice (1).
boson self-interaction fixed points are then obtained by
solving Eqs. (58 – 61).
The RG flow in the vicinity of the multicritical fixed
point (m2φ,A)∗ = 0 is determined by linearization in
the couplings xi = (g2φ, g
2
A, λφ, λA, λYM, λφA,m
2
φ,m
2
A)
around their fixed point values (xi)∗. The inverse cor-
relation length exponents ν−11,2 are determined by the two
relevant (positive) eigenvalues of the stability matrix
Xij =
∂
∂xj
d
d`
xi
∣∣∣∣
xi=(xi)∗
. (64)
Critical Fixed Points
The Yukawa couplings are relevant perturbations at
the putative Wilson-Fisher fixed points ({λi} 6= {0},
gφ,A = 0), owing to the gapless nature of the fermion ex-
citations. At the ensuing fermionic critical fixed points
({λi, gφ,A} 6= {0}) both the order parameter ηφ,A and
fermion ηΨ anomalous dimensions are finite. The latter
indicates the breakdown of the quasiparticle picture and
the onset of a non-Fermi liquid.
However, the coupling to a particular fluctuating order
parameter field can be rendered irrelevant if the related
order parameter mass is tuned far from critical [2, 15]. In
this case the order parameter field can be integrated out
and the corresponding fermion-fermion interaction, V ∼
O(g2/m2), will be vanishingly small. For example, in the
case where m2A  0 and m2φ = 0, the theory describes
the GNY/chiral Ising quantum critical fixed point of the
CDW transition at V1 = (V1)c and V2  (V2)c. Similarly,
there is the critical fixed point (CDWA) at m2A = 0 and
m2φ  0, although this is not expected to be physically
accessible for the microscopic model on the honeycomb
lattice (1). The critical exponents are summarized in
Tab. I.
CDW3 Criticality
The CDW3 fixed point is located at m2φ = 0 and m
2
A =
0. In the large N limit there is a well defined multicritical
fixed point
(g2φ, g
2
A)∗ = (2−
12
N
, 3 +
3
2N
),
(λφ, λA, λφA, λYM)∗ = (1− 81
2N
,−18
N
, 6− 81
N
, 6− 45
N
).
(65)
The spontaneous lattice symmetry breaking (finite gA)
results in the violation of Lorentz invariance with
z = 1 +
(g2A)∗
2N
= 1 +
3
2N
. (66)
This is in contrast to the emergent Lorentz invariance
of GNY fixed points with z = 1 and cφ = vF to all
orders in N . The resulting critical exponents are col-
lected in Tab. I, and are contrasted with the GNY uni-
versality. The finite anomalous dimensions indicate the
breakdown of the quasiparticle picture at the multicriti-
cal point. There is good agreement from analysis of the
CDW3 fixed point directly in the physical spatial dimen-
sion d = 2, which is perturbatively controlled by large N
(RG equations in Appendix ).
Cubic Terms and Fermion-Induced Criticality
Our RG analysis indicates the existence of a continuous
quantum phase transition. However, there are symmetry
allowed cubic terms in Lb (43). If the cubic couplings in
Lb at a putative fixed point are finite, the Landau cubic
criterion could imply a first order transition.
The naive tree-level scaling [b3] = [b˜3] = (5z − d)/2
suggests that this is indeed the case. Yet, the large order
parameter anomalous dimensions render the cubic term
irrelevant at the d = 2 CDW3 critical point. Therefore
9the coupling to gapless Dirac fermions induces a contin-
uous transition, an example of fermion-induced critical-
ity [9].
To demonstrate this it is sufficient to calculate the RG
equations to leading order,
d
d`
b23 = b
2
3
[
+ 5z − 3− 4g
2
A
v3F
− 12
N
(
3λA
c3A
+
λYM
c3A
)]
,
(67)
d
d`
b˜23 = b˜
2
3
[
+ 5z − 3− 8g
2
A + 6g
2
φ
3v3F
− 4
N
(
4λA
c3A
+
3λYM
c3A
+
8λφA
cφcA(cφ + cA)
)]
, (68)
where the couplings are rescaled, b23 → 8pi2Λb23/N , and
similar for b˜23. This requires calculating the one-particle
irreducible contractions of 〈∫ Lb ∫ Lλ〉> with three slow
order parameter legs. Crucially, there is no direct renor-
malization by the Dirac fermions because of their higher
continuous spatial rotational symmetry and particle-hole
symmetry, as discussed in Sec. . At the CDW3 fixed point
the RG equations reduce to
d
d`
b23 = 2b
2
3
[
1− − 24
N
]
, (69)
d
d`
b˜23 = 2b˜
2
3
[
1− − 59
4N
]
. (70)
Therefore, to this order the cubic terms are irrelevant
perturbations in d = 2 spatial dimensions ( = 1), and
the fixed point value is (b3)∗ = (b˜3)∗ = 0. In N → ∞,
the cubic terms are marginal to all loop orders follow-
ing the arguments in Ref. [10]. Similar behavior was
found in the case of Kekulé ordering. For the com-
plex Kekulé XY order parameter χ = (M1 + iM2)/
√
2
there is the lattice symmetry allowed Potts clock term
χ3 + χ∗3 ∼ |χ|3 cos(3ϕ), which is found to be irrele-
vant at the fermionic critical point [9]. This highlights
that fermion-induced critical points are inherently differ-
ent from Wilson-Fisher fixed points of conventional order
parameter theories. Naturally, quartic and higher order
lattice interactions are even more irrelevant at fermionic
fixed points.
BROKEN SYMMETRY STATE
CDW3 Broken Symmetry State
To analyze the nature of the CDW3 broken symmetry
state, the free energy density f(φ,A1,A2) must be mini-
mized. Infinitesimally close to the multi-critical point, f
is obtained from integrating over the fermions for static
order parameter fields with finite expectation values [61].
Although the criticality is universal, the broken symme-
try state is not. Instead it depends on the lattice model
and the concomitant path taken through the critical sur-
face (δφ, δA) = δ(cos θ, sin θ) with δφ,A = (m2φ,A)∗−m2φ,A.
The analysis proceeds directly in d = 2 and is con-
trolled with large N . In the region of the critical surface
it is assumed that the couplings are well approximated by
their fixed point values (m2φ,A)∗ = 4Λ
2, (g2φ)∗ = 4piΛ/N ,
(g2A)∗ = 2(g
2
φ)∗, and vF = 1. Integrating over the
fermions, we obtain the Landau free energy density
f = −N
∫ ∞
−∞
dk0
2pi
∫ Λ d2k
(2pi)2
ln det
(
− ik0 +α · k
+
(gφ)∗√
N
φαzT
3 +
(gA)∗√
N
α ·AaT a
)
+
m2φ
2
φ2 +
m2A
2
A2 + · · · . (71)
Here · · · indicate higher order terms, which includes
those that depend on the lattice model. For V2  V1
on the honeycomb lattice, unconstrained charge order
has an ill-defined Hubbard-Stratonovich transformation.
Therefore, it is expedient to constrain the order parame-
ters space to the physically valid CDW3 region,
φ =
√
2/3(ρ−∆), (72)
(A1,A2) =
4ρ+ 2∆√
3
(CαCβ , CαSβ , SαCγ , SαSγ), (73)
where ρ ≥ ∆ ≥ 0, Cα = cosα, Sα = sinα.
The free energy is minimized for A1 ×A2 = 0, equiv-
alent to β = γ. Otherwise particle-hole symmetry would
be broken, which is energetically unfavorable. Under this
condition the lattice cubic and quartic terms terms are
Lb3 = b3A
3 sin(3α) sin(3β), (74)
Lb4 = b4φA
3 cos(3α) cos(3β), (75)
which are respectively minimized and maximized for
(α, β) = 2pi3 (n,m) for integers n,m = 0, 1, 2. Here α
encodes translations and β rotations, which together enu-
merate the 9 possible charge configurations, displayed in
Fig. 4. Naturally, the number of patterns is doubled with
charge inversion. Numerical simulations and semiclassi-
cal analysis [37] have previously identified that the lat-
tice ground state manifold is restricted to the same set
of states.
The free energy can be partially minimized by letting
∆ = xρ and solving ∂f∂ρ = 0, which results in
f∗(x) = −
4pi2
(
2(x+ 2)2 sin θ + (x− 1)2 cos θ)3
(gA)∗(g2φ)∗27(pi − 4)2(x− 1)4(x+ 2)2
δ3 + · · · .
(76)
In general, the higher order, non-universal terms (· · · )
will select the minimizing value of x or ∆ (subject to
constraints), for a given path θ through the critical sur-
face. It is possible however to obtain the ground state in
the limiting cases by assuming generic bounding quartic
10
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FIG. 4. All 9 (18 with charge inversion) CDW3 charge pat-
terns. Charge modulation is shown relative to half-filling,
with blue for positive modulation, and red for negative mod-
ulation. Different α correspond to C3 rotations. Different β
correspond to shifts of the unit cell.
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  = A
<latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AA AB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK 6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVy FHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJ apmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA +cwh/AH6/AEf3I7R</latexit><latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AA AB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK 6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVy FHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJ apmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA +cwh/AH6/AEf3I7R</latexit><latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AA AB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK 6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVy FHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJ apmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA +cwh/AH6/AEf3I7R</latexit><latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AA AB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK 6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVy FHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJ apmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA +cwh/AH6/AEf3I7R</latexit>
"
<latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AA AB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza 3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9ID Qo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybS zKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0l p5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AA AB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza 3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9ID Qo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybS zKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0l p5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AA AB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza 3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9ID Qo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybS zKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0l p5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AA AB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza 3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9ID Qo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybS zKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0l p5g5hT9wPn8Auc+Rhw==</latexit>
kx
<latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+s bmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX /7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIlds sShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMM f+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+s bmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX /7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIlds sShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMM f+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+s bmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX /7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIlds sShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMM f+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+s bmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX /7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIlds sShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMM f+B8/gBjfo3a</latexit>
ky
<latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+s bmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+ tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNli UZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4 A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+s bmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+ tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNli UZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4 A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+s bmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+ tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNli UZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4 A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+s bmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+ tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNli UZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4 A+fzB2UCjds=</latexit>
  > A
<latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AA AB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2 vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFc tR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWS WibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQ PnMIf4A+fwAhYY7S</latexit><latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AA AB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2 vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFc tR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWS WibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQ PnMIf4A+fwAhYY7S</latexit><latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AA AB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2 vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFc tR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWS WibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQ PnMIf4A+fwAhYY7S</latexit><latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AA AB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2 vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFc tR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWS WibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQ PnMIf4A+fwAhYY7S</latexit>
"
<latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AA AB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza 3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9ID Qo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybS zKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0l p5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AA AB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza 3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9ID Qo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybS zKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0l p5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AA AB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza 3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9ID Qo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybS zKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0l p5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AA AB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza 3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9ID Qo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybS zKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0l p5g5hT9wPn8Auc+Rhw==</latexit>
kx
<latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+s bmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX /7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIlds sShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMM f+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+s bmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX /7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIlds sShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMM f+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+s bmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX /7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIlds sShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMM f+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AA AB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+s bmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX /7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIlds sShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMM f+B8/gBjfo3a</latexit>
ky
<latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit>
  > A
<latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFq ZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQhUnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa 0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcy Qc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZ oJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZD ogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</la texit><latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFq ZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQhUnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa 0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcy Qc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZ oJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZD ogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</la texit><latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFq ZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQhUnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa 0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcy Qc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZ oJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZD ogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</la texit><latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFq ZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQhUnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa 0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcy Qc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZ oJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZD ogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</la texit>
  = A
<latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJ Q+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXShUHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa 0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcy Qc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZ oJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZD ogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</la texit><latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJ Q+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXShUHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa 0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcy Qc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZ oJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZD ogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</la texit><latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJ Q+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXShUHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa 0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcy Qc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZ oJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZD ogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</la texit><latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJ Q+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXShUHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa 0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcy Qc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZ oJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZD ogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</la texit>
  < A
<latexit sha1_base64="4 8+DQWvTmwW+FCp6q8hMGwF+hDs=">AAAB7XicbZDLSgMxF IbP1Futt6pLN8EiuCozIuiii4oblxXsBdqhZNJMG5tJQpI RytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9SnBnr+99eY W19Y3OruF3a2d3bPygfHrWMTDWhTSK51J0IG8qZoE3LLK cdpSlOIk7b0fh2Vm8/UW2YFA92omiY4KFgMSPYOqvVUyNW u+mXK37VnwutQpBDBXI1+uWv3kCSNKHCEo6N6Qa+smGGtW WE02mplxqqMBnjIe06FDihJszm207RmXMGKJbaPWHR3P09 keHEmEkSuc4E25FZrs3M/2rd1MbXYcaESi0VZPFRnHJkJ ZqdjgZMU2L5xAEmmrldERlhjYl1AZVcCMHyyavQuqgGju8 vK/VaHkcRTuAUziGAK6jDHTSgCQQe4Rle4c2T3ov37n0sW gtePnMMf+R9/gAci47K</latexit><latexit sha1_base64="4 8+DQWvTmwW+FCp6q8hMGwF+hDs=">AAAB7XicbZDLSgMxF IbP1Futt6pLN8EiuCozIuiii4oblxXsBdqhZNJMG5tJQpI RytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9SnBnr+99eY W19Y3OruF3a2d3bPygfHrWMTDWhTSK51J0IG8qZoE3LLK cdpSlOIk7b0fh2Vm8/UW2YFA92omiY4KFgMSPYOqvVUyNW u+mXK37VnwutQpBDBXI1+uWv3kCSNKHCEo6N6Qa+smGGtW WE02mplxqqMBnjIe06FDihJszm207RmXMGKJbaPWHR3P09 keHEmEkSuc4E25FZrs3M/2rd1MbXYcaESi0VZPFRnHJkJ ZqdjgZMU2L5xAEmmrldERlhjYl1AZVcCMHyyavQuqgGju8 vK/VaHkcRTuAUziGAK6jDHTSgCQQe4Rle4c2T3ov37n0sW gtePnMMf+R9/gAci47K</latexit><latexit sha1_base64="4 8+DQWvTmwW+FCp6q8hMGwF+hDs=">AAAB7XicbZDLSgMxF IbP1Futt6pLN8EiuCozIuiii4oblxXsBdqhZNJMG5tJQpI RytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9SnBnr+99eY W19Y3OruF3a2d3bPygfHrWMTDWhTSK51J0IG8qZoE3LLK cdpSlOIk7b0fh2Vm8/UW2YFA92omiY4KFgMSPYOqvVUyNW u+mXK37VnwutQpBDBXI1+uWv3kCSNKHCEo6N6Qa+smGGtW WE02mplxqqMBnjIe06FDihJszm207RmXMGKJbaPWHR3P09 keHEmEkSuc4E25FZrs3M/2rd1MbXYcaESi0VZPFRnHJkJ ZqdjgZMU2L5xAEmmrldERlhjYl1AZVcCMHyyavQuqgGju8 vK/VaHkcRTuAUziGAK6jDHTSgCQQe4Rle4c2T3ov37n0sW gtePnMMf+R9/gAci47K</latexit><latexit sha1_base64="4 8+DQWvTmwW+FCp6q8hMGwF+hDs=">AAAB7XicbZDLSgMxF IbP1Futt6pLN8EiuCozIuiii4oblxXsBdqhZNJMG5tJQpI RytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9SnBnr+99eY W19Y3OruF3a2d3bPygfHrWMTDWhTSK51J0IG8qZoE3LLK cdpSlOIk7b0fh2Vm8/UW2YFA92omiY4KFgMSPYOqvVUyNW u+mXK37VnwutQpBDBXI1+uWv3kCSNKHCEo6N6Qa+smGGtW WE02mplxqqMBnjIe06FDihJszm207RmXMGKJbaPWHR3P09 keHEmEkSuc4E25FZrs3M/2rd1MbXYcaESi0VZPFRnHJkJ ZqdjgZMU2L5xAEmmrldERlhjYl1AZVcCMHyyavQuqgGju8 vK/VaHkcRTuAUziGAK6jDHTSgCQQe4Rle4c2T3ov37n0sW gtePnMMf+R9/gAci47K</latexit>
FIG. 5. Topological phase transition between the Dirac
semimetal (φ < A) and band insulator (φ > A), tuned by
complementary mass φ and non-Abelian gauge A fields. The
topological critical point (φ = A) hosts anisotropic excitations
with orthogonal relativistic and non-relativistic directions.
terms. For θ → pi/2− it is found that ∆/ρ → 1− and
φ → 0+. In the other limit, θ → 0+, it is found that
∆/ρ→ 0+, φ→ A+.
The latter limit, θ → 0+, is precisely the condition for
the broken symmetry state to host the previously dis-
cussed gapless semi-Dirac [28, 29, 31] excitations, which
disperse quadratically in the direction defined by the po-
lar angle β and linearly orthogonal to this. From the
hybridization of down-folded Dirac valleys there is a con-
densation energy gain from the second set of bands that
gap with ± |φ+A|. Such a metallic CDW3 state with
semi-Dirac quasiparticle excitations was predicted previ-
ously [43] for the case of a pure V2 interaction. These
findings were based on a self-consistent analysis of the
free energy with the inclusion of RPA-type order param-
eter fluctuations.
Topological Phase Transitions
The broken symmetry state with gapless semi-Dirac
excitations (φ = A) can be interpreted as the critical
point of the topological Lifshitz phase transition [28] be-
tween a semimetal (φ < A) and a topologically trivial
band insulator (φ > A), as shown in Fig. 5. This notion
for the d = 2 topological critical point can be generalized
to the full set of masses, M1, M2, M3 (27) and non-
Abelian gauge fields A1, A2, A3 with Aa = (Aax, Aay)
(28). This generalization accounts for Kekulé masses
(M1,2) and gauge fieldsA3 that may be induced by strain
on the honeycomb lattice [62].
Assuming full global SU(2) gauge rotational symmetry
the analytic part of the Landau free energy up to quartic
order takes the form
f = C1M
2 + C2A
2 + C3
abcMa(Ab ×Ac)z + C4M2A2
+ C5M
aAa ·M bAb + C6M4 + C7A4
+ C8(
abcAb ×Ac)2 + C9(Aa ·Ab)(Aa ·Ab), (77)
where for this section the indices run over the full set
a, b, c = 1, 2, 3 and where Ci are unspecified coupling
constants. The C3 and C5 terms must vanish to describe
topological transitions. Subject to this constraint, and
due to full SU(2) symmetry, the minimum of the free en-
ergy is now realized by any state obtained applying an
SU(2) rotation to the φ = A state described above. For
any such state, the Hamiltonian
Hˆ = k ·α+ αzMaT a +α ·AaT a, (78)
has a topological critical point at |M | = |A|. A finite C3
term breaks particle-hole symmetry, whereas a finite C5
term induces a band gap for all finite M and A.
DISCUSSION
We demonstrated that spontaneous lattice symme-
try breaking in interacting Dirac fermion systems is de-
scribed by effective field theories in which dynamical or-
der parameter fields minimally couple to Dirac fermions
as a combination of mass and emergent gauge field com-
ponents. This is a departure from the common wisdom
that mass channels solely dominate the energetic land-
scape [4, 50], which is an expectation motivated by the
energetic gain upon condensing into an insulating state.
As a result, the ensuing criticality considered here is
found to be beyond the GNY universality classes. The
unconventional dynamical exponent z > 1 indicates that
the putative emergent Lorentz invariance associated with
GNY criticality is violated. Our conclusions follow from
a one-loop renormalization group analysis that is analyt-
ically controlled by the -expansion, as well as the gener-
alization to a large number N of fermion flavors.
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As a concrete example, the spontaneous lattice sym-
metry breaking due to CDW3 order of Dirac fermions
on the half-filled honeycomb lattice was analyzed. How-
ever, the conclusions regarding the multi-critical point
are generic for the low-energy field theory. For a given
starting microscopic model, the different order param-
eters will in general break different symmetries, which
might be a combination of translations, point group or
internal symmetries, but as long as the low energy the-
ory is described by Dirac fermions in 2+1D, all order
parameters will be represented by either mass fields or
gauge fields and our theory can be used to describe the
corresponding phase transitions.
The important role of emergent gauge fields has been
recognized in the context of the Ising nematic transi-
tion in d-wave superconductors [19, 58, 59, 63, 64], and
there is indeed a close connection with the gauge sector of
the field theory presented here. In this case the fourfold
lattice rotational symmetry is spontaneously reduced to
twofold, and the effective Yukawa coupling in our nota-
tion reads AnemΨ†[(αx +αy) + (αx−αy)T 3]Ψ. However,
dealing with fermion-induced criticality one might antic-
ipate that the lattice terms are rendered irrelevant at the
critical point. In this case, the problem should be revis-
ited, starting from a continuous rotational symmetry and
the full set of non-Abelian gauge fields.
Similarly, on the pi-flux lattice [65, 66], sublattice
AsubΨ
†αxT 1Ψ and stripe AstrΨ†αxT 2Ψ charge order pa-
rameters both couple as emergent gauge fields, but have
thus far not been analyzed as such. This case is inter-
esting because interaction induced Haldane-like quantum
Hall order couples as a mass field, but is destabilized
by beyond mean-field fluctuations, much like the CDW3
case. In both instances, the existence of emergent gauge
fields is tied to the breaking of lattice symmetries.
That z > 1 raises the possibility that long-range
Coulomb interactions [3]
nˆ(r)
e2
|r − r′| nˆ(r
′)→ −iΨ†A00Ψ +
1
2e2
A00 |q|A00, (79)
could be relevant and provide further non-trivial scaling
at this novel critical point [67]. The one-loop RG equa-
tion for the Coulomb coupling [4]
d
d`
e2 ≈ (z − 1)e2 − δd,3e4, (80)
demonstrates that z > 1 defines e as a relevant pertur-
bation. At the new CDW3 fixed point it is expected that
z ∼ 1 + (g2A)∗ − xe2 (x > 0), suggesting such relevance.
In contrast, the Coulomb interaction is irrelevant at the
d = 2 GNY fixed point z = 1− xe2 (x > 0) [3, 4, 21, 22].
Recently, there has been considerable interest in the
properties of topological quantum critical points [26,
27, 67–74], which in d = 2 are commonly described
by effective Hamiltonians of the semi-Dirac form Hˆ =
k2xσx + kyσy. Here anisotropic velocity renormalization
needs to be regulated with non-perturbative infrared loop
resummations [27, 74].
Our work shows that complementary combinations
mass and non-Abelian gauge fields provide a natural
playground for the study of topological quantum phase
transitions. Lifshitz transitions of merging Dirac cones
are observed when tuning through the broken-symmetry
states close to the multi-critical point. These insights
could be relevant for a range of systems, including black
phosphorus [75, 76], optical honeycomb lattices [77–79],
artificial graphene [80], TiO2/VO2 interfaces [31, 81], and
α(BEDT-TTF)2I3 [82].
A related open question is whether there is a similar de-
scription of other exotic Lorentz violating fermions, such
as the multifolds in topological chiral crystals [25, 83, 84],
and what this means for their quantum critical proper-
ties [23, 85].
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Derivation of the Effective Field Theory
Here we obtain the effective field theory from the ex-
tended Hubbard model of spinless fermions on the honey-
comb lattice. We accommodate for broken translational
symmetry with a 6-site enlarged unit cell that covers a
honeycomb plaquette. In this case, the lattice vectors are
a1 =
3a
2
(
√
3, 1), a2 =
3a
2
(−
√
3, 1), a3 = −a1 − a2,
(81)
and the basis is
c = (cA1 , cA2 , cA3 , cB1 , cB2 , cB3). (82)
The corresponding reciprocal lattice vectors of the down-
folded Brillouin zone are b1,2 = 2pi3√3a (±1,
√
3).
The non-interacting Hamiltonian is
Ht =
∑
k
c†(k)Ht(k)c(k), (83)
Ht(k) =
(
0 T †(k)
T (k) 0
)
, (84)
T (k) = −t
 1 1 eik·a21 eik·a3 1
eik·a1 1 1
 . (85)
Due to down-folding, both Dirac points reside at the Γ
point (k = 0). We integrate out high energy modes by
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projecting into the low-energy Dirac subspace Ψ = Pc,
and obtain the non-interacting Dirac Hamiltonian
Ht(p) = P {Ht(0) + [∇kHt(k)]k=0 · p}P † = vFp ·α.
(86)
The projection P is formulated from the low energy (row)
eigenvectors of Ht(k = 0),
P0 =
1√
6

−1 −1 2 0 0 0√
3 −√3 0 0 0 0
0 0 0 −√3 √3 0
0 0 0 −1 −1 2
 . (87)
For convenience we apply the additional unitary trans-
formation, such that the projection is
P = e−i
pi
4 σz⊗τze−i
2pi
3 σ0⊗τze−i
pi
4 σ0⊗τxP0. (88)
The first exponential transforms into the basis α. The
second enacts a coordinate transformation. The third
translates the definition of the unit cell.
Now we can obtain the low-energy theory of the charge
ordering. First we decouple the interaction in the charge
channel with the Hubbard-Stratonovich transformation
(18) where the explicit for of the coupling matrix is
Vk = −1
2

0 V2e1¯3 V2e1¯2 V1 V1 V1e
ik·a¯1
V2e13¯ 0 V2e23¯ V1 V1e
ik·a¯3 V1
V2e12¯ V2e2¯3 0 V1e
ik·a¯2 V1 V1
V1 V1 V1e
ik·a2 0 V2e23¯ V2e1¯2
V1 V1e
ik·a3 V1 V2e2¯3 0 V2e1¯3
V1e
ik·a1 V1 V1 V2e12¯ V2e13¯ 0

, (89)
with enm = 1 + eik·an + eik·am and an¯ = −an, n = 1, 2, 3. Applying the projection, we obtain the local interaction
term
LV = Ψ
†{(V2 − V1/2)[ρA1 + ρA2 + ρA3 − ρB1 − ρB2 − ρB3 ]α3T 3 +
V2
4
[ρA1 − 2ρA2 + ρA3 − ρB1 + 2ρB2 − ρB3 ]αxT 1
+
√
3V2
4
[−ρA1 + ρA3 − ρB1 + ρB3 ]αyT 1 +
√
3V2
4
[−ρA1 + ρA3 + ρB1 − ρB3 ]αxT 2
+
V2
4
[−ρA1 + 2ρA2 − ρA3 − ρB1 + 2ρB2 − ρB3 ]αyT 2 + (V2 + V1/2)[ρA1 + ρA2 + ρA3 + ρB1 + ρB2 + ρB3 ]}Ψ
+ V1(ρA1 + ρA2 + ρA3)(ρB1 + ρB2 + ρB3) + 3V2(ρA1ρA2 + ρA2ρA3 + ρA3ρA1 + ρB1ρB2 + ρB2ρB3 + ρB3ρB1).
(90)
Here the gradient terms have been suppressed in the in-
terest of brevity. The relevant gradient terms are sys-
tematically included by the one-loop fermion bubbles.
RG Equations in d = 2
The RG equations are calculated directly in the phys-
ical dimensions d = 2, with the expansion controlled by
large N ,
Ψ†Ψ→
N∑
n=1
Ψ†nΨn, (g
2
φ,A, λi)→
8piΛ
N
(g2φ,A, λi). (91)
The RG equations for the velocities are
d
d`
vF = vF
[
z − 1 + 1
N
(
g2φ (cφ − 2vF )
cφvF (cφ + vF ) 2
− 8g
2
A
cA (cA + vF ) 2
)]
, (92)
d
d`
c2φ = 2(z − 1)c2φ +
g2φ
(
v2F − 2c2φ
)
v3F
, (93)
d
d`
c2A = 2(z − 1)c2A +
g2A
(
v2F − 2c2A
)
2v3F
. (94)
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For the Yukawa couplings we obtain
d
d`
g2φ = g
2
φ
[
3z − 2− 2g
2
φ
v3F
+
1
N
(
− 16g
2
A (cA + 2vF )
cAvF (cA + vF ) 2
− 4g
2
φ (cφ + 2vF )
cφvF (cφ + vF ) 2
)]
, (95)
d
d`
g2A = g
2
A
[
3z − 2− g
2
A
v3F
+
1
N
(
− 16g
2
A
cA (cA + vF ) 2
− 2g
2
φ (cφ + 2vF )
cφvF (cφ + vF ) 2
)]
. (96)
The RG equations for the order parameter self-
interactions are
d
d`
λφ = λφ
(
3z − 2− 4g
2
φ
v3F
)
+
g4φ
v3F
+
1
N
(
−4λ
2
φA
c3A
− 36λ
2
φ
c3φ
)
, (97)
d
d`
λA = λA
(
3z − 2− 2g
2
A
v3F
)
− g
4
A
8v3F
+
1
N
(
−λ
2
φA
c3φ
− 48λ
2
A
c3A
− 4λAλYM
c3A
− λ
2
YM
c3A
)
,
(98)
d
d`
λYM = λYM
(
3z − 2− 2g
2
A
v3F
)
+
3g4A
2v3F
+
1
N
(
−8λ
2
YM
c3A
− 48λAλYM
c3A
)
, (99)
d
d`
λφA = λφA
(
3z − 2− g
2
A + 2g
2
φ
v3F
)
+
3g2Ag
2
φ
v3F
+
1
N
(
32λ2φA
cAcφ (cA + cφ)
− 24λAλφA
c3A
− 12λφλφA
c3φ
− 2λYMλφA
c3A
)
. (100)
The RG equations for the order parameter masses are
d
d`
m2φ = 2m
2
φ
(
z − g
2
φ
v3F
)
+
1
N
(
− 12λφm
2
φ
c3φ
− 8m
2
AλφA
c3A
+
8Λ2 (3cAλφ + 2cφλφA)
cAcφ
)
, (101)
d
d`
m2A = m
2
A
(
2z − g
2
A
v3F
)
+
1
N
(
− 2m
2
φλφA
c3φ
− 2m
2
A (12λA + λYM)
c3A
+
4Λ2 (cAλφA + cφ (12λA + λYM))
cAcφ
)
. (102)
The lattice allowed cubic term is irrelevant in this treat-
ment, as can be seen from the RG equation
d
d`
b23 = b
2
3
[
5z − 2− 3g
2
A
v3F
− 12
1
N (4λA + λYM)
c3A
]
+O(b43),
(103)
with the dimensionless coupling b23 → 8piΛN b23. At the
CDW3 fixed point this reduces to
d
d`
b23 = 2b
2
3
−57 + 32√2
N
+O(b43). (104)
Therefore, to this order b3 is an irrelevant perturbation
and the fixed point value is (b3)∗ = 0. In N → ∞, b3
is marginal to all loop orders following the argument in
Ref. [10]. A similar RG equation is obtained for b˜3.
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